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Abstract. A new simple proof of a basic “a priori” estimate for the 
the boundary control of parabolic systems is presented. 
INTRODUCTION 
Arising 
Riccati operator arising in 
The linear-quadratic-regulator (L-Q-R) problem, along with the associated Riccati equation, 
is one of the main subjects in the boundary control of parabolic systems (see for instance 
PI, [61, and [71). A d irect solution of the Riccati equation was presented in [4] and inproved 
in some directions in [3]. The most difficult step in the solution of the Riccati equation is 
the proof of an “a priori” estimate yielding the global solution. A similar estimate is also 
the key point in the solution of the Riccati equation over infinite time horizon (cf. [5]). 
The aim of this paper is to present a new proof of this basic “a priori” estimate. This 
proof is much simpler than the original one given in [4] and is partially suggested by some 
ideas developed in [3]. Although we restrict ourself to autonomous systems over finite time 
horizon, we remark that a minor modification of this proof provides the estimate needed 
over infinite time horizon; moreover, the extention to non-autonomous systems, both over 
finite and infinite time horizon, is straightforward and will be included in more detailed 
forthcoming papers (cf. [l]). 
Notations. 
If T is a linear operator in a Hilbert space, its domain will be denoted by D(T), and its 
adjoint by T’ (if D(T) is d ense). The spaces of all bounded linear operators between two 
Hilbert spaces X and Y, and of all nonnegative definite selfadjoint bounded operators in 
X, will be denoted by L(X,Y) and C+(X), respectively. Finally, inner products and norms 
will be generally denoted by < ., . > and I.], respectively. 
PROOF OF THE A PRIORI ESTIMATE 
Let T be a positive real number, U and H be two IIilbert spaces, and A, G, M and PT 
be linear operators satisfying the following assumptions: 
(Al) -A : D(A) c H + H is the infinitesimal generator of an analytic semigroup 
S(t)in H, t 2 0, with a location of the spectrum which allows to define the fractional 
powers AP (cf. [S]); 
(A2) G is a bounded linear operator from U to D(A@) for some o E (0, 11; 
(A3) M E c+(x), PT E C+(X) n L(H,D(A*l-a)) 
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(less regular l+, along the lines of [3] and [l], can be easily considered: since the irregularity 
is smoothed out at time T - 6 for every small E > 0, it is sufficient to prove the a priori 
bound over [0, T - ~1). 
It is well known ([S]) that S(t) maps H into D(Ap) f or every p > 0, and there exists a 
constant c(a) such that \. I 
IA%(t)I 5 9, t E (0,Tl. (1) 
The same result holds for S(t)* and A*@. 
In the application to the boundary control of parabolic systems, -A corresponds to an 
elliptic operator with homogeneous boundary conditions, G is the solution map of the asso- 
ciated non- homogeneous elliptic system, M and PT are weighting operators appearing in 
the cost functional of the L-Q-R problem (see [6] and [4] for details, or [l] for more general 
systems of equations with time dependent coefficients). 
Let us consider the following integral Riccati equation: 
J 
T 
P(t) = S(T - t)*PTS(T - t) + S(s - t)*[M - P(s)AGG*A*P(s)]S(s - t) ds (2) 
t
t E [0, T], where we look for solutions P(.) w ic are strongly continuous operator functions h’ h 
with values in C+(H) n L(H, D(A*lda )), allowing to give a meaning to the quadratic term 
in (2) as 
. The existence and uniqueness of such a solution is proved in [4]. The local (and maxi- 
mal) solution is found by a contraction argument, while the global solution is based on the 
following “a priori” estimate, whose proof is the main purpose of this paper. 
THEOREM. Let J be an interval in [O,Tj with T E J. Let P(.) be a solution of equa- 
tion (2) over J (i.e. P(.) is a strongly continuous operator function from J to C+(H) II 
L(H, D(A*l-Q )) and satisfies (2)). Then 
sup IA*‘-“P(t)1 < 00. 
tCJ 
PROOF: In the sequel, T, s, and t are numbers in J such that P 5 s 5 t. Let U(s,r) be the 
strongly continuous evolution operator defined by the equation (see [4]): 
u(s, r) = s(s - 1.) - J’ A’-V(s - u)AQGG*A* P(u)U(u, r) du. (3) 
f 
Using U(s,r) we can rewrite equation (2) in the following two forms (see [4]): 
J 
t 
P(r) = fY(t, r)“P(t)U(t, 1’) + U(v,r)*[M + P(v)AGG*A*P(v)]U(v,r)dv (4) 
r
J 
t 
P(r) = S(t - r)*P(t)U(t, 7’) + S(v - r)*MU(v, r) dv. (5) 
r
From (4) we have P(r) 2 0 and for every CC E H 
IW3Vt, rb12 = < P(t)U(t, r)z, U(t, r)z > 5 < P(r)z, x > = IP(r)*t12, 
But from (2), 
IP(r)+z12 = < P(r)t,a: > 2 < PTS(T - T)Z, S(T - r)z > + 
J 
T 
< MS(v - ~)t, S(v - T)Z > dv 5 ~1x1~ 
P 
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where here and hereafter c denotes a generic positive constant depending only on T, A, S(t), 
G, I+ and M. Thus 
IW)W r>I I IWPI IWW r)I i IWPI P(r)*1 i c* (6) 
This is the basic estimate of this new proof. Using the evolution property for U(s, r) in (5) 
we obtain t 
A *‘-“P(u)U(u, r) = A*l-“S(t - u)*P(t)U(t, r) + J A*+!?(v - u)*MU(v, r) dv u 
for P 5 u 5 t in J. From this equation and (3), using (1) and (6), 
IA *l-“P(ti)U(u, r)l 5 
(U(s, r)I 2 c + J r * “A*~~~$~f~u’ ‘)I du. 
(7) 
(8) 
Let f(t,r) = sup(((t - v) leaU(v, r)l; r 2 v < t} . Then (7) yields 
IA *‘-QP(u)U(u,r)l 2 (t _ z)l_, + cf(t’r) (t - u)1-2a 
(because s: ~V_U~l_~~t_-V~I_-P dv 5 t+). Using this bound into (8) we have (for s < t) 
c(s-r)Q 
IU(% r)I I c + (t _ Q)1-a + 
cf(t, r)(s - rla 
(t - s)1-2Q 
whence f(t, r) 5 c+c (t -r)2”f(t, r). Therefore there exists 6 > 0, that we can take less than 
the lenght of J, such that for every r 5 s < t in J with t-r 5 ~5 it holds IU(s, r)I 5 e. 
Thus, given 7 E (0, l), from (5) and (6) we have 
J 
t C 
lA*rp(r)l ’ (t _“p)T +  (v - f-)7(; _ y)l-a ” ’ (t - r)T -+ (t _ :)7-c?’ 
foreveryr<tinJwitht-r<6. Takingt=r+i when r 5 T - 6 , the last bound gives 
the estimate of the theorem in J II [O,T - 51, while in [T - S,T’j it is sufficient to use the 
already known bound for the maximal solution (this bound exists on compact subsets of J, 
by the Banach-Steinhaus theorem, because A*leaP( .) is strongly continuous). 
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